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Abstract. Over the last few years, simulating the motion of linked articulated rigid
bodiesbased on classical rigid body dynamics has become avaluable paradigm for
making realistic 3-D computer animations. Although several operational methods
for dynamical simulation have been developed, in general these are both concep-
tually and computationally complex. To inspire further research in devising alter-
native and possibly simpler schemes for dealing with articulated rigid bodies, this
paper discusses an alternative approach to rigid body dynamics which is based on
(conceptually much simpler) point mechanics. Geometric constraints, e.g. the re-
quirement that the distance between two points should be conserved, take the form
of additional algebraic equations. We propose to solve these algebraic constraints
in concert with the numerical integration. First, we give a general formulation of
such a scheme. Next, we describe a preliminar implementation on the basis of a
very naive numerical solver for ODE’s (ordinary differential equations).

1 Introduction

(Thefirst few paragraphsof thisintroductionhave appesred earlier, in adifferent context,
in[8])

The mathematical theory of rigid body dynamics has been devel oped over the past
200 years by Euler, Lagrange, Poincelet and others. One of the main applications of
this theory was the quantitative description of motions of celestial bodies. This meant
that the theory had to be formulated such that numerical results could be obtai ned with-
out havingto rely on elaborate numerical calculations: sophisticated anaytical methods
were used instead.

What if computers and numerical methods would have existed in the 18th century?

An interesting question then is whether thiswould have changed the appearance of
thetheory, i.e. if the theory would emphasise numerical methods rather than analytical
techniques. Asaconsegquence, would the collection of canonical applicationsof thethe-
ory comprise more examples in the context of the motion of composite mechanisms and
articulated systems, rather then (symmetrical) tops and celestial bodies?

Let uselaborate a bit on this speculation.



Much of the mathematical complexity of rigid body dynamicsis due to the intro-
duction of angle coordinates rather than Cartesian coordinates: the geometry of O(3)
(the space of three-dimensional rotations) is much more complicated than the geometry
of E(3) (thethree dimensional Euclidean space). Thisreflects itself in the occurrence
of torques and angular momenta, resulting in coupled nonlinear ODE’s in the angular
velocities!.

Now suppose instead that rigid objects were described as a collection of N point
masses, whosel ocationswere represented by pointsina3 NV -dimensional Euclidean space
(likeagas consisting of V molecules). Its phase space, which also containsthe veloc-
ities of the points, therefore would be 6 V-dimensional. The rigidity of the object then
might be assured by extending this system with a sufficient number of geometrical con-
gtraints. Since the state vector of arigid object has 12 components (3 coordinates of the
centre of gravity, 3 components of the trandation vector, 3 Euler angles and 3 compo-
nents of the angular vel ocity vector), the number of scalar constraintswould be 6 V-12.
These constraints could e.g. state that the distances between appropriate point-pairs has
to beinvariant and hence that the relative vel ocity component inthat direction vanishes.
(We will call these constraints length constraints; one length constraint therefore adds
effectively two scaar constraints, so in this case 3 V-6 length constraints are needed).

By thismani pul ation, we have replaced aproblem of differential geometry in £(3) x
0O(3) by asimpler problem in £(3N) together with 3 V-6 length constraints. The dif-
ferential equations of the latter problem are trivial when compared with the differential
equations of the former problem: they take the form F' = mdé for each of the point
masses, whereas the original problem givesriseto the Euler equations of arotating rigid
body ([2]).

In other words, we have exchanged agreat deal of analytical complexity by numer-
ical complexity. Of course, such a manipulationwould not have made sense in the 18th
century, without theavailability of numerical methodsand computerstoimplement these,
so it is obvious that the classica textbook theory has not been developed aong these
lines.

Nowadays, however, computers and efficient numerical algorithmsare available, so
an adternative development of rigid body dynamics, with alarger emphasis on these nu-
merical algorithmsis possible.

Now the major motivation of the current work can be stated as follows: we want to
investigate theapplicability of the alternative formulation of rigidbody dynamics, based
on point-mass mechani cs enhanced with additional constraints, such as the length con-
straintsintroduced above.

Even though a definitive implementation should use more sophisiticated numerical
methods, the results of our preliminar implementation aready show the potential mer-
its of our scheme. One of the consequences of our scheme is that, to keep the structure
of the ODE’s as simple as possible, rigidity is aso treasted as a constraint, thus avoid-
ing the necessity of introducing angular momentum and torque. As aresult, we arrive
at a particular transparent representation where both linked rigid objects, collision han-
dling, point and line hinges and point-to-curve (PTC) constraints all are dealt with in

1See[2] for atreatment of classical rigid body mechanics,and[1], [9], [5], [4], [10], [6] for the application
of classical rigid body mechanicsto computer animation.



the same formal context. We will aso study the qualitative and some quantitative mer-
itsof such methods.We stress, however, that the primary claim of thispaper isNOT that
point-mass based mechanics isin some way a better way to do rigid body mechanics
than the classical Euler-type mechanics; it rather aims at provoking a discussion on the
issue of whether computer based simulations should be founded on the same theoretical
formulations as devel oped in the pre-computer era, OR that some aspects of classical
theoriesmight profit from minor re-structuring in order to provide a smoother transition
from theory to computer simulation.

In section 2, the numerical scheme inits generd setting is presented which will be
used throughout this paper. Next a toy implementation of this scheme is introduced
which consists of taking the Euler midpoint method as ODE solver, since thisgives rise
to strai gthforward mathemetical manipulations. In 2.1, the scheme is introduced for the
examples of a point mass which collides with a plane, and for a swinging pendulum.
The constraints here arise from the requirement that the point mass does not penetrate
the collision plane, and the conservation of the length of the pendulum, respectively. In
2.2, we study congtraintsthat expresstherigidity of an object; thisgives rise to our for-
mulation of rigid body dynamics. In 2.3 we study the coupling of two rigid bodiesviaa
PTP constraint. This constraint gives rise to additiona forces, and in the canonical for-
mulation, to additional torquesas well. We show how such torques can be eiminated,
so that our original representation, based on forces only, till holds. A dlightly more
complicated interface between two rigid objectsis the line hinge; it isdiscussed in 2.4.
Section 2.5 discusses collision response based on constraint forces for articulated rigid
objects. Point-to-curveconstraints, e.g. needed for modelling moving beads on a curved
string, or roller coasters, are the topic of 2.6. In section 3 we assess some quantitative
propertiesof our agorithm which alow comparison with the standard methods. Section
4 summarises our results and concludes the paper.

2 Rigid Body Dynamics = Point Dynamics + Constraints

Consider adynamical systemwithstatevector ¢ = ¢(t), given by theevolutionequation
¢ = f(¢; F) where F' = F(t) isthe combined vector of al (a priori unknown) internal
reaction forcesinthe system. The system should satisfy thealgebraic constraintse(¢) =
0 at al times. Suppose we have anumerical method IV to give an estimatefor ¢(¢ + h),
given ¢(t) and F'(¢) (and possibly the values of ¢(¢;) at earlier time points¢;, < ?).
Since F(t) isa priori unknown we cannot compute ¢(t + h) = N(¢(t); F(t)) right
away. Therefore we adopt the assumption that the reaction forces F'(¢) change slowly
over time. That isF'(t) = F(t — h) + 6 F with 6 F' in some sense small. We introduce
an iterative scheme where in each step the estimate for § 7', and hence for F(¢) (and
hence the estimate for ¢(¢ + h)) will be improved. The values for F'(t) and ¢(¢ + h)
will belabeled by superscript & to distinguishthe several subsequent estimates, so ¢* =
N(¢; F*); and ¢*+1 = N(¢; F¥+1) is supposed to be a better estimation for ¢(¢ + h)
than ¢*. Without a superscript, ¢ is short for ¢(¢). We start the iteration by taking for
§F thevalue0, so F(t) = F*°(t — h). Next the algorithm looks as follows:



compute improved estimate for 6 F
rEl = 04 51,
oFHL = N (g FMHY);
ki=k+1;
until convergence
D

Noticethat we have not explained how 6 F' = § F(¢*) should be obtained. It goeswith-
out saying that here the algebraic constraint ¢(¢) = 0 comes into play. Indeed, assume
that ¢(¢) = 0 holdsfor ¢(¢). It should holdaswell for ¢(¢ + h). If wedemand it to hold
for ¢* then we get

0=c(e") = e(N(¢;F"))
= ¢(N(¢; FF~146F))
ON

= c(N(¢;Fk_1)+8—F§F+~~)
= c(N(qs;F’f—l))Jr;—ng—]ﬁY&Fer
= c(N(¢;Fk_1))+5—;6F+~~

)
This gives rise to the Newton-like method for computing & F'*:

Oc
(8F
. Thisisthe suggested scheme in the most general setting. In order to demonstrate how
it works, we choose a haive numerical method N, namely the Euler midpoint method.
Also, wewill make use of additional knowledge of the structure of the constraintse = 0
to avoid the explicit computation? of the Jacobians g—;.
A differential equation of theform

F(t) = mi(t) 3)

5T = () e(N (g5 F* 1)

can be solved numerically by observing that

i(l) = z(t+h)+ xgltz— h) —2x(1) n O(hz)

2 Observe, however, that an explicit computation of 88—; would not even be that expensivesince every con-
straint component of ¢ typically dependson very few components of 7, so the Jacobian consists of small
blocks.




SO
w(t + k) = 22(t) — x(t — h) + h%F + O(h%). (4)

Therefore an assignment to = (¢ + /) should be:
x(t 4+ h) = 2x(t) — x(t — k) + R F(t)/m.

Givenz(t) and z(t—h) and F(¢), thefunction V in our scheme, using thisEuler method,
iSN(z(t),z(t —h), F(t)) = 2z(t) — x(t — h) + K2 F(t)/m.

2.1 Mechanical Systemswithout Internal Structure: a Colliding Mass Point and
a Swinging Pendulum

Consider a point mass moving in the positive x-direction with location z(¢) with uni-
form velocity. For « = z(ty), an impenetrable wall, perpendicular to the x-axis, blocks
the motion of the point mass, so for ¢ = ¢, acollision takes place. In afully inelastic
case, the point mass would cometo afull stop dueto an infinitely large force that works
during an infinitely short timeinterval. In our discretised model, we assume that afinite,
constant force works during the entiretime interval of length A from¢, to¢y + h. So

z(to) = x(to+h) = 22(te) —2(to —h) + h*F/m

and hence
l‘(to — h) — l‘(to)
h? ’

Inthis(trivial) examplewe see how eval uating ageometric constraint of theforme(x(t+
h)) = 0 may serve to compute a constraint force at timez.

A less trivia example is aphysical pendulum. Here z(t) isthe location of a point
mass in 2 that moves while keeping its distance to a given point, say the origin, con-
stant. The motion equation reads

F=m

F(t)+ G = mit),
and the numerical schemeis
x(t+ h) = 2x(t) — x(t — k) + B3 (F () + G)/m.

Theforce GG isaknown gravity force; F'(¢) isan a priori unknown reaction forcethat is
induced by theconstraint ¢(x) = (z(t), z(t))—I? = 0. Rather than computing (&)=,
we proceed as follows: we can evaluate thisconstraint at ¢ + h which givesaquadratic
equation in the magnitude of /. Since the direction of 7' isknown (#'(t) is parallel to
x(t)), thiscompletely defines the reaction force.

2.2 Rigidity isaconstraint.

We consider a 3-dimensional rigid object with total mass M and inertiatensor /. As
sumethat thisobject is composed of alarge number of point masses, labeled with i, with
locations; () and masses m; . These point masses have fixed relative positionswith re-
spect to each other sincethe objectisrigid, sothey can bewrittenasz; = ¢+ Z]. pi; B;



where ¢ is the centre of gravity; B;, with j = 0,1, 2, are basis vectors for some body
fixed frame, and p;; arefixed coefficients expressing the relative position of «; with re-
spect to the frame { B; }. Assume for the moment that ¢ isin rest, so the object isonly
rotating round ¢. The kinetic energy then can be written either as Fy;, = %Iwz or
Erin = Y_; mya?. Elaborating the second expression gives

1 L
Eyin = Z§mz(x2axz)
1 ..
= Z§mi2pijpik(3j,3k)
: ik
1 o
= 52’%(3]',30, ©)
ik

(6)

where ;1 = >, mip;; pir. Now suppose for the moment that + is diagonal, then
1 .
Eyin = B Z’ij(BjaBj)~ (7
J

Thismeansthat if weconsiderthe B; = B;(t) asgeneraised coordinates, theassociated
Euler equation takes the form (see[2]):

F; =5 B;. (8)

Theforce £} intheleft hand part isnot defined yet; it will follow from therigidity con-
straints to be discussed below. We see that for coordinates B;, the motion equation 8
takes exactly the form of 3 when we consider ;; as generalised mass parameter. Also
note that, due to the assumption of diagonality of ~, the motion equations for each of
the three B; are un-coupled. From now on we will assume that rigid bodies posses a
body fixed frame with base vectors B; such that v is diagonal. This base can be found
by diagonalising the inertia tensor of the object. For convenience we scale each of the
B; such that the corresponding ;; reduces to unity, say |B;| = (;, S0 the remaining
motion equations are }

F; = B;. (9

Forward integration, ignoring #' yields
B;j(t+ h)=2B;(t) — B;j(t—h) (10)
and similarly for the centre of gravity:
e(t+h) =2e(t) —c(t— h). (11)

A rigid object has six degrees of freedom (location and orientation). Our represen-
tation has twelve (the four vectors ¢, By, B; and Bs; assuming an object of dimension
3). So we have to impose some additional constraints that ensure that the generalised
coordinates remain an orthogonal base. Using 7, 7 and 7" to distinguish the three base
vectors we must take care that:



. (B]'/,B]'H) =0, fOfa”_]
e |B;| = p;, fordl

The forward integration 10 of the generalised coordinates might violate these con-
straints, so we need to compute the values of the forces F; from 9. We derive the F;
using Lagrange multipliers. The directions of these forces are defined beforehand: for
the orthogonality, the correction on B; has acomponent in thedirection of B(; 1 1)m0a3
and onein the direction of B(; 12)m.43. For thelength constraint, the correction forces
are directed al ong the base vector that isto be corrected. So again we can avoid to com-
pute the Jacobian g—g. The a priori unknown magnitudes of the correction forces are
represented by Lagrange multipliers. For each orthogonality constraint, we introduce
themultiplier A; (enforcingtheconstraint (B;, B;«) = 0; notetheantisymmetric nam-
ing convention for the indices. For each length constraint, we introduce the multiplier
A; (enforcing | B;| = ;). Adding the appropriate terms to the motion equations of the
generalised coordinates yieldsfor B;: (we assume the factors 22 to be included within
the values of the multipliers)

B]' (t + h) = QB]' (t) — B]' (t — h) + (A]'/B]'// —+ A]'//Bj/ + /\]'B]')(t) (12)

From the condition that the rigidity constraint should aso be satisfied for timet + h,
we can derive equations for the values of the multipliers. In the case of the pendulumin
section 2.1, wefound aquadrati c equation for themultiplier that could be solved without
iteration; here we find six coupled quadratic equations. This means that we now have
toresort to theiterative method as explained in section 2, but rather than computing and
inverting the Jacobians g—; wemake use of the geometric meaning of the reaction forces
to find linearised approximations of their magnitudes in a strai ghtforward manner.

In the absence of any other constraint (see sections 2.3, 2.4, 2.5, 2.6) this iterative
method converges extremely fast. In practice, the number of iterationsis fixed to about
3or4.

2.3 Coupled Rigid Bodies Require Dealing with Point-to-point Constraints

In case arigid objects moves subject to an external force F' (scaled suchthat thefactor h?
istaken into account), we have to have adevice for trandating /' into aset of equivalent
forces on the centre of gravity and the B;, since these are the only coordinates of our
representation. The effect of 7 on the centre of gravity ¢ istrivid: F' = mé(t). If F
works on a given point p;, one of the points x; of the rigid object, it causes a torque,
(pi — ¢) x . The effect of thistorque is going to be accounted for by introducing 3
forces, F'p; onthe B;. So we have

S Fiy =0 (13
J

and
D Bj x Fgj=(pi—c)x F (14)
j



Thisdoes not compl etely determinethe F'z;: we have room for additional requirements

on the I'g;. We may demand the F'g; to be such that the rigidity constraints are till
satisfied:

|B; + Fpj| = 0;; (15)

(B]'H —I—FB]'H,B]'/—I—FB]'/) =0. (16)

Choosing the £'g; such that they don't affect the rigidity constraints up to first order in
the F'g; means that the rigidity correction from section 2.2. converges fast.
If we linearize these equations, assuming the the F'z; to be small we get

(B, Bj) +2(B;, Fi;) = ;% 17)

(Bju, Bj1) + (Fpjr, Bjn) + (Fpjn, Bjr) = 0. (18)

Using 13, 14, 17, and 18, we can compute matrices A; such that #'p; = A; . The
computation of the 4; isexplained in[3].

(The linearity condition is not necessarily true. In the case of /' being the force due
to a PTP constraint, however, we again use the argument that /' varies gradually, and a
iterativeapproach isused tofind incrementsin #'g; between the previousand the current
value, that are expected to be small. If #' is an externa force that is allowed to vary
significantly over time, it is split in a number of small components that are accounted
for subsequently within one time step.)

Applyingaforce F' toan object meansthat for that object wehaveto do thefollowing
assignments:

c:=c+ iF (29
m
and for each j:
B]' = B]' + A]'F. (20)

Notethat in the derivation of the torque distributionmatrices A;, therigidity constraints
were linearised. The rigidity constraint mechanism, which worksin parallel with the
PTP constraint mechanism, thanks to the iterative approach, is used to restore therigid
shape of the object again, thus correcting for the ignored non-linearity.

Using these formulae, aso the effect (=the displacement) of a force on one of the
vertices of that object can be calculated. Using the definition of the p;;, we have:

1
I —F 57 B; A F
p (C‘|‘m )‘1'% pij(Bj + A; F)
= pi+MF, (21)

where M = (%I—I— ZpijAj)'

So asothe displaﬁ;ement of an arbitrary vertex dueto the application of aforceto a
given location of arigid body can be expressed usinga 3 x 3 matrix.

So far we assumed that F* was aknown force. The same observations, however, hold
for an a priori unknownforce, such astheforcein a PTP hinge (constraint). Let thetwo
vertices that are connected via a PTP constraint be distinguished by the superscripts &
and [: they belong to two different rigid objects. The matrices A/ for the corresponding



vertices of these objects are M* and M, respectively. The location of a vertex after
application of the correcting PTP constraint force, £, is denoted by atilde (7). We
then have;

~k

=7
"+ M*Fpyp, = p' — M'Fpyp, and hence
Pl - Pk = (Mk + Ml)Fptp (22)

The point to point error inthe absence of F,.,,, p' — p* isknown, asismatrix M* + M',
so the reaction force F},,, can be calculated from22 as F,,, = (M* 4+ M')=1(p' — p*).

Althoughwe didn’t compute M * + M viadifferentiation of the constraint equation
(' — p* = 0) with respect to Fiprp, this matrix does play therole of the Jacobian 2<.

Note that in the presence of more than two coupled rigid objects, we arrive at a cou-
pled set of constraint force equations. As previously, the combined effect of severa of
such forces may be accounted for by means of iteration. Alternatively, al linearised
equations may be grouped together and be solved simultaneously by means of a stan-
dard LU-decomposition method.

2.4 A Pair of Point-to-point Constraints Removes Two Degrees of Freedom

Consider two rigid objects. They are coupled with two PTP congtraints, so effectively
they sharealinehinge. Thismeansthat (1) they have only onerelative DOF | eft (rotation
round the linethrough the two point pairs), as opposed to 3 relative DOF in the case of
one PTP constraint; and (2) thetwo PTP reaction forces may contain components along
thislineof arbitrary, mutually opposite, magnitudes. This means that the approach from
2.3 does not work. We have to be careful to avoid the undetermined force components
growing beyond boundaries, thus making the computation instable.

L et thepointto point reaction forcesbedenoted by 7 and F». If thethepair (Fy, Fs)
satisfiesthe linehinge constraint, then so will thepair (£ + Ae, F» — Ae) for any A with
e being the hinge vector, since the effects of the added terms are exactly opposite. To
avoid growth of such components, we must find a way to minimize them. This can be
done by forcing the components of both reaction forces in the direction of e to be the
same. Thisyields:

(Fy+ Xeje) = (Fa2 — deye), S0
(FZ_Flae)

Replacing F1 by Fy + Ae and F; by Fi — Ae with A from 23 solves the problem.

2.5 Collision Forces Result from Constraints

When avertex of arigid object collides with a collision plane, this plane exerts a reac-
tionforce onto that vertex that preventsthe vertex from crossing the collision plane (and
perhaps causes the vertex to bounce off the surface). In case of a completely inelastic



collision, the result of the reaction force (which we assume to be directed perpendicu-
lar to the collision plane) isthat the vel ocity of the vertex perpendicular to the collision
plane is zero after the collision. This observation can be used to cal cul ate the reaction
force.

Let n bethe normal of the collision plane, and the reaction force An (for ayet un-
known A). Let p(¢) be the location of the colliding vertex at the current time stamp,
and p(t 4+ h) thelocation at the next time stamp as it would be without application of
areaction force (so p(¢) and p(t + &) lie a opposite sides of the collision plane). The
position of the vertex after application of the reaction force will be denoted by p(t + £)
(= p(t + h) + M An, using 21). The (discrete) new velocity of the vertex isthen given
by p(t + h) — p(t). L&, for vectors v and w, [v],, denote the component of » in the
direction of w. The observation that the new velocity of the vertex perpendicular to the
collision plane is zero after the collisionforce is applied then yields:

0 = [p+h)—pt)n
= [p(t+h)+ MAn —p(t)]n
B [(p(t—i—h)—l—MAn— ()n)]
- (n,n) !
= (p(t+h)—pt)+ MIn,n)
= (p(t+h)—p@),n)+ A(Mn,n),
(24)
and hence
A= — (p(t+h) = p(t),n) (25)

(Mn,n) ’

which again was obtained without explicitly computing ().

So using this constraint we can find the reaction force An for a completely inelastic
collision. Thisforce operates upon the point p, and the method from section 2.3 is used
toaccount for theeffect of thisforceon theentirerigidobject. For anéeastic collision, we
only haveto enlarge the reaction force (to cause thevertex’ speed to be ‘reflected’ by the
collisionplane), so for an arbitrary collisionwe have areaction forceof (1++)An for an
elagticity coefficient v which is zero for complete inelasticity and one for a completely
elagtic collision. Note that a more sophisticated approach should take the precise time
point for the collision into account. We make a mistake here of at most &, which may
cause some diasing effects if h isrelatively large.

2.6 Computingthe Constraint Forces for a Point-to-curve Constraint

Consider a point p, which may be a point from a rigid object, which is constrained to
move along acurve g, g : ® — R3. The force between p and ¢ may be modeled by a
PTP constraint where one of thetwo pointsisan a priori unknown point onthecurve, say
¢(s). To account for the movement along the curve, s should be modified each frame.



Let thechangein s bes. Then é representsthevel ocity a ongthe curve. If p would move
uniformly, the assignment s := s + ¢ would suffice to describe p’s motion.

After the new position ¢(s + &) is calculated, the required reaction force F,;,, that
pullsp to g(s + §) can be computed based on the PTP constraint.

(Noticethat we cannot simply writethat thedirection of F,,,, isdirected along g(s+
8)—(2p(t) —p(t — h)), sincepulling on p(t) also causes atorque, and hence an angular
accel eration to operate on the object. Instead we have to apply the method from section
2.3, using the M -matrix.)

Assume a given value for 6. Then in general the resulting £5,;, will contain both a
norma component and a tangential component. Let the latter component be A % g(s).
Assume the case of afriction-lesscontact between p and ¢. Then £, can only be per-
pendicular to the curve. So if wefind a I, with A # 0, the starting value for ¢ was
wrong, and acorrectionise.g. 6 := 6 — kA for some positive. Inthismanner, again an
iterative agorithmis obtained to find the appropriate value for 6. Thisiterative process
isexecuted in parallel with the algorithmsfor rigidity, PTP constraints, line hinges and
collisionresponse as explained in sections2.2-2.5: al these algorithmswork by improv-
ing the estimates for the corresponding reaction forces, and when they &l converge the
total collection of al reaction forces is known such that al constraints are being met.

The curve parameter s should stay within the domain of ¢. The current implemen-
tation in our animation system is such that, when thisisn’t the case, the PTC constraint
iscancelled automatically. Thiscausese.g. aroller coaster vehicletofly off thetrack in
aphysicaly correct way when it reaches the end. An animator can always ensure that
the vertex doesn’t leave the curve by placing collision planes on its extremes.

3 Some Quantitative Properties of The Algorithm

The a gorithmsdealing with constraints as outlined above have been implemented inthe
Eindhoven computer animation system WALT ([7]. To assesthenumerica propertiesof
the a gorithm, some experiments were performed.

Experiment 1

In thefirst experiment the configuration consisted of one object (a cube with sides of
length 2), zero gravity, and two equal forces (working in opposite directions) working
on two different point-masses of the cube. These forces cause the cube to rotate with
precession. During thefirst 1000 frames (approximately 50 full rotations) the rotational
energy of the cube was measured. It follows that after the forces have accelerated the
cube, al energy inthe systemis preserved within4 digitsof accuracy. No energy islost
during the orthogonalisation and preservation of the length of the base vectors. For this
experiment there were only two iterationsfor the rigidity constraints per frame.

Experiment 2

Next, aPTP constraint was added to keep one vertex of acubefixed in space. Gravity
isintroduced to cause a swinging motion of the cube. Again, there were only two itera-
tionsfor therigidity constraints per frame and now & so only two iterationsper framefor
the PTP constraints. For thisconfiguration, wefound that the val ue of the orthogonality-
preserving multiplier oscillates in a completely periodic fashion between + and - 3.1 x
10~% and the value of the length-preserving multiplier variesin the same phase between



Oand 2.3 x 1073,

The magnitude of the PTP force consists of a constant contribution of about 0.09
due to gravity and avarying centripetal force with magnitude between 0 and 0.1 which
depends on the instantaneous angular velocity. The error inthe PTP constraint does not
exceed 4.1 x 10712, which is probably due to numerical quantisation in the internal
representation of real numbers. We also measured the total energy of the system. The
observed dissipation of about 0.4% per 1000 iterations is chiefly due to the truncation
error of the assignment 4.

To further explore this energy-loss, the loss of energy was also measured as afunc-
tion of the number of iterationsfor the PTP constraints (with this number varying be-
tween 1 and 100). The value of the energy-lossturned out to be independent of the num-
ber of iterations. Also the maximum PTP-error was measured as a function of the num-
ber of iterations. Only in case of oneiterationthisvaueissignificant (0.003). For larger
numbers, the error is masked by the errors of theinternal representation of the reals (it
isof order 10~12 or smaller).

Experiment 3

Next, the configuration of experiment two was expanded with another cube con-
nected to thefirst cube by a PTP constraint. Again, gravity causes a (chaotic) swinging
motion of the two coupled cubes.

For this configuration, the maximal PTP error as a function of the number of itera-
tions decreases exponentially from 3.6 x 10~* for 7 iterationsto < 10~° for 15itera-
tions.

Theenergy-lossof thesystemisal so measured as afunction of the number of applied
iterations. It turns out that after approximately 15 iterations no further accuracy gainis
obtained.

In figures 1 and 2 two animation fragments can be seen of somewhat more complex
systems. Figure 1 modelsan articulated beach chair tumbling of the stairswhich demon-
stratesthe interplay between rigidity constraints, line hinges and collision response. An
exampl e of the combination of rigidity, PTC constraintsand line hingescan be seen in 2
where a constellation of two linked rigid objects slides from a curved rail. Notethat the
topmost object is connected viatwo PTC constraintsto therail. The colour plates show
some gtillsfrom the tumbling articul ated beach chair sequence.

4 Discussion; Summary

We propose a method to implement rigid body dynamics for computer animation based
on two central ingredients:

rigidity isa constraint: several approaches for rigid body simulation are based on the
notion of constraintsto emulate e.g. the couplings between rigid components and
hinges. We take this idea one step further to consider even rigidity proper as a
congtraint. This reduces the formal framework for the motion equationsto point
mass dynamics plus algebraic constraints.

use forces only: rigidness does not occur in our motion equations proper. This means
that there is no need for angular coordinates, and hence angular momentum and
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torque need not to be represented in the model. This results both in a straightfor-
ward mathematical treatment and atransparent implementation. Moreover, these
forces can be simply visuaised for instructive purposes. Also, if we impose a
threshold value on the applied PTP-forces, it is straightforward to have objects
break apart if internal reaction forces become too large.

A less centra ingredient is

useiteration: Theiterativemethodwithabout 10iterationsgives sufficient performance

to achieve aframe update rate of about 20 frames/second in on asun SPARC sta-
tion 10 for systems with several tens of constraints. This number of iterationsis
sufficient to preserve all rigidity constraints, PTP constraintsand PTC constraints
within visible accuracy (equivalent to about 10~2 relative accuracy) in all cases
except fierce collisionswhere temporary deformationsmay be visible.
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